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In this paper, we introduce the concept of L-fuzzy hypermodules over an L-fuzzy hy-
perring and investigate some of their properties. We provide the notion of L-fuzzy
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1. Introduction
The concept of hyperstructure was first introduced by Marty [1] at the eighth Congress of Scandinavian Mathematicians
in 1934. Later on, people have observed that hyperstructures have many applications in both pure and applied sciences. A
comprehensive review of the theory of hyperstructures can be found in Corsini [2] and Vougiouklis [3]. In a recent book of
Corsini and Leoreanu [4], the authors have collected numerous applications of algebraic hyperstructures, especially those
from the last fifteen years to the following subjects: geometry, hypergraphs, binary relations, lattices, fuzzy sets and rough
sets, automata, cryptography, codes, median algebras, relation algebras, artificial intelligence and probabilities.
The theory of fuzzy sets, proposed by Zadeh [5] in 1965, has provided a useful mathematical tool for describing the
behavior of systems that are too complex or illdefined to admit precise mathematical analysis by classical methods and
tools. Extensive applications of fuzzy set theory have been found in various fields such as artificial intelligence, computer
science, control engineering, expert systems, management science, operations research, pattern recognition, robotics, and
others. In recent years, there has been considerable interest in the connections between hyperalgebras and fuzzy sets. One
can distinguish three main approaches. The first approach defines crisp hyperoperations through fuzzy sets. Examples of
this approach are Corsini [6–8], Cristea [9], Leoreanu [10], Serafimidis [11], Stefanescu and Cristea [12] and so on. The second
approach concerns fuzzy hyperalgebras. This is a direct generalization of the concept of fuzzy algebras (fuzzy groups, fuzzy
rings, fuzzy modules etc). This approach can be extended to fuzzy hypergroups. For example, given a crisp hypergroup
(H, ◦) and a fuzzy subset µ in H , then we say that µ is a fuzzy subhypergroup of H if every cut set of µ say µt , is a
(crisp) subhypergroup of H . This was initiated by Zahedi et al. [13] and continued by Ameri and Hedayati [14], Davvaz and
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Corsini [15], Davvaz et al. [16], Zhan et al. [17–21] and so on. The third approach involves the definition and study of fuzzy
hyperoperations. In analogy to a crisp hyperoperation, a fuzzy hyperoperation maps a pair of elements of a set X to a fuzzy
subset in X . Corsini and Tofan introduced some fuzzy algebraic hyperstructures in [22] and Kehagias and Serafimidis [23]
continued in this direction.
Recently, Sen et al. [24] introduced and studied the fuzzy hypersemigroups using the third method. Subsequently,
Leoreanu andDavvaz [25] and Leoreanu[26] defined and studied the fuzzy hyperrings and fuzzy hypermodules, respectively,
in which they followed a connection between hyperrings (resp. hypermodules) and fuzzy hyperrings (resp. fuzzy
hypermodules). As a continuation, we study the L-fuzzy hypermodules over an L-fuzzy hyperring in this paper. In Section 2,
we summarize somebasic conceptswhichwill be used throughout thepaper and give the definition of L-fuzzyhypermodules
over an L-fuzzy hyperring. The notion of L-fuzzy R-subhypermodules of an L-fuzzy R-hypermodule is introduced in Section 3,
and a kind of L-fuzzy quotient hypermodule and an L-fuzzy regular relation are provided and studied by using an L-fuzzy R-
subhypermodule. In Section 4, the concept of L-fuzzy hypermodule (strong) homomorphism is introduced and some related
properties are investigated. Some conclusions are given in the last section.
2. The L-fuzzy hyperoperations and L-fuzzy hypermodules over an L-fuzzy hyperring
In this section, we summarize some basic concepts (see [2,4]) which will be used throughout the paper and introduce
and study L-fuzzy hypermodules over an L-fuzzy hyperring.
Let H be a non-empty set. A hyperoperation on H is a mapping ‘‘+′′ : H × H → P∗(H), whereP∗(H) is the set of all
non-empty subsets in H , written as (x, y) 7→ x + y. We say that (H,+) is a semihypergroup if for any x, y, z ∈ H , we have
(x+ y)+ z = x+ (y+ z). An element 0 of H is called a zero (resp. scalar zero) of H if for any x ∈ H , we have x ∈ 0+ x∩ x+0
(resp. {x} = 0+ x ∩ x+ 0).
A semihypergroup (H,+) is called a hypergroup if for any x ∈ H , we have (x+y)+z = x+(y+z) and x+H = H+x = H .
Let K ∈ P∗(H). We say that (K ,+) is a subhypergroup of (H,+) if for any x ∈ K , we have x + K = K + x = K . A
subhypergroup K of H is said to be left invertible if for any x, y ∈ H , x ∈ K + y implies y ∈ K + x. We say that K is invertible
if it is left and right invertible.
The concepts of hyperrings and hypermodules are introduced as follows.
Definition 2.1 ([2]). An algebraic structure (R,+, ·) is called a hyperring if it satisfies the following conditions:
(i) (R,+) is a commutative hypergroup;
(ii) (R, ·) is a semihypergroup;
(iii) The hyperoperation ‘‘ ·′′ is distributive with respect to the hyperoperation ‘‘+’’, that is, z · (x + y) = z · x + z · y and
(x+ y) · z = x · z + y · z for all x, y, z ∈ R.
Definition 2.2 ([2]). Let (R,+, ·) be a hyperring. A non-empty setM together with two hyperoperations unionmulti and ◦ is called a
left hypermodule over (R,+, ·) (R-hypermodule) if it satisfies the following conditions:
(i) (M,unionmulti) is a commutative hypergroup;
(ii) ◦ : R×M → P∗(M) is such that for any r, s ∈ R and x, y ∈ M we have
(1) r ◦ (x unionmulti y) = r ◦ x unionmulti r ◦ y;
(2) (r + s) ◦ x = r ◦ x unionmulti s ◦ x;
(3) (r · s) ◦ x = r ◦ (s ◦ x).
In what follows, all hypermodules are left hypermodules. A non-empty set A inM is said to be an R-subhypermodule ofM if
(A,unionmulti) is a subhypergroup of (M,unionmulti) and R ◦ A ⊆ P∗(A). An R-subhypermodule A ofM is said to be invertible if (A,unionmulti) is an
invertible hypergroup.
Now let us recall some fuzzy logic concepts. Inwhat follows, unless otherwise stated, (L,∨,∧,≤, 0, 1) always represents
a given complete lattice with an infinitely distributive t-norm T . L-fuzzy sets were introduced by Goguen [27] as a
generalization of the notion of Zadeh’s fuzzy sets [5]. Let S be a non-empty set. An L-fuzzy subset µ in S is defined as a
mapping from S to L. The family of all L-fuzzy subsets in S is denoted byL (S).
Let α ∈ L and A a non-empty set in S. By αA we mean that
αA(x) =
{
α, if x ∈ A
0, if x 6∈ A
for all x ∈ S. In particular, when α = 1, αA is said to be the characteristic function of A, denoted by χA; when A = {x}, αA is
said to be an L-fuzzy point with support x and value α and is denoted by xα . An L-fuzzy point xα is said to belong to an L-fuzzy
subset µ, written as xα ∈ µ, if µ(x) ≥ α.
For µ, ν ∈ L (S), µ ⊆ ν if and only if µ(x) ≤ ν(x) for all x ∈ S. And the union and T-intersection of µ and ν, denoted by
µ ∪ ν, and µ u ν, are defined as the L-fuzzy subsets in S by (µ ∪ ν)(x) = µ(x) ∨ ν(x) and (µ u ν)(x) = µ(x)Tν(x) for all
x ∈ S, respectively.
In what follows, let us introduce some new L-fuzzy algebraic hyperstructures.
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An L-fuzzy hyperoperation on non-empty S is a mapping ⊕T : S × S → L ∗(S), where L ∗(S) is the set of all nonzero
L-fuzzy subsets in S, written as (x, y) 7→ x⊕T y. If x ∈ S and A, B ∈ P∗(S), then by A⊕T B, A⊕T x and x⊕T B, we mean that
A⊕T B =
⋃
a∈A,b∈B a⊕T b, A⊕T x = A⊕T {x} and x⊕T B = {x}⊕T B. S together with an L-fuzzy hyperoperation⊕T is called
an L-fuzzy hypergroupoid. We say that (S,⊕T ) is commutative if x⊕T y = y⊕T x for all x, y ∈ S. By an L-fuzzy zero (resp.
scalar zero) of (S,⊕T )we mean an element 0 of S such that x1 ∈ x⊕T 0 u 0⊕T x (resp. x1 = x⊕T 0 u 0⊕T x).
Now let us define some new L-fuzzy subsets in S as follows.
Definition 2.3. Letµ, ν ∈ L (S) and x be any element of S. We define the L-fuzzy subsets x⊕T µ,µ⊕T ν andµ⊕T x in S by
(x⊕T µ)(y) =
∨
a∈S
(x⊕T a)(y)Tµ(a),
(µ⊕T ν)(x) =
∨
a,b∈S
µ(a)T (a⊕T b)(x)Tν(b),
and
(µ⊕T x)(y) =
∨
a∈S
µ(a)T (a⊕T x)(y)
for all y ∈ S.
An L-fuzzy hypergroupoid (S,⊕T ) is called an L-fuzzy semihypergroup if for any x, y, z ∈ S, we have x⊕T (y⊕T z) =
(x⊕T y)⊕T z.We say that an L-fuzzy semihypergroup (S,⊕T ) is an L-fuzzy hypergroup if for any x ∈ S, x⊕T S = S⊕T x = χS .
Let R andM be non-empty sets and  T : R×M → L ∗(M), where L ∗(M) is the set of all nonzero L-fuzzy subsets inM ,
written as (r, x) 7→ r  T x for all r ∈ R and x ∈ M . If r ∈ R, x ∈ M , A ∈ P∗(R) and B ∈ P∗(M), then by A T B, A T x and
r  T B, we mean that A T B =
⋃
a∈A,b∈B a T b, A T x = A T {x} and r  T B = {r} T B.
Next let us define some new L-fuzzy subsets inM as follows.
Definition 2.4. Let r ∈ R, x ∈ M, µ ∈ L (R) and ν ∈ L (M). We define the L-fuzzy subsets r  T ν, µ T ν andµ T x inM by
(r  T ν)(y) =
∨
a∈M
(r  T a)(y)Tν(a),
(µ T ν)(y) =
∨
s∈R,a∈M
µ(s)T (s T a)(y)Tν(a)
and
(µ T x)(y) =
∨
s∈R
µ(s)T (s T x)(y)
for all y ∈ M .
Note that if r ∈ R, x ∈ M , A ∈ P∗(R), B ∈ P∗(M), µ ∈ L ∗(R) and ν ∈ L ∗(M), then r1⊕T µ = r ⊕T µ, χA ⊕T µ =
A⊕T µ, r1  T ν = r  T ν, χA  T ν = A T ν and µ T χB = µ T B.
The notions of fuzzy hyperrings and fuzzy hypermodules are introduced by Leoreanu in [25] and [26], respectively. In a
similar way, we give the definitions of L-fuzzy hyperrings and L-fuzzy hypermodules as follows.
Definition 2.5. Let R be a non-empty set and⊕T ,T two L-fuzzy hyperoperations on R.We say that (R,⊕T ,T ) is an L-fuzzy
hyperring if it satisfies the following conditions:
(i) (R,⊕T ) is a commutative L-fuzzy hypergroup;
(ii) (R,T ) is an L-fuzzy semihypergroup;
(iii) ‘‘T ’’ is distributive with respect to ‘‘⊕T ’’, that is, r T (s⊕T t) = r T s⊕T r T t and (s⊕T t)T r = sT r ⊕T t T r
for all r, s, t ∈ R.
Definition 2.6. Let (R,⊕T ,T ) be an L-fuzzy hyperring. A non-empty setM together with two L-fuzzy hyperoperations T
and  T is called a left L-fuzzy hypermodule over (R,⊕T ,T ) (L-fuzzy R-hypermodule) if it satisfies the following conditions:
(i) (M,T ) is a commutative L-fuzzy hypergroup;
(ii)  T : R×M → L ∗(M) is such that for all r, s ∈ R and x, y ∈ M we have
(1) r  T (xT y) = r  T xT r  T y;
(2) (r ⊕T s) T x = r  T xT s T x;
(3) (r T s) T x = r  T (s T x).
In what follows, all L-fuzzy hypermodules are left L-fuzzy hypermodules, and unless otherwise stated, (M,T , T )
denotes an L-fuzzy hypermodule over the L-fuzzy hyperring (R,⊕T ,T )(L-fuzzy R-hypermodule).
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Example 2.7. Let R = {a, b} and α ∈ L \ {0} be such that αTα = α. Define the L-fuzzy hyperoperations ‘‘⊕T ’’ and ‘‘T ’’ on
R by
a⊕T a =
1
a
+ α
b
, a⊕T b = b⊕T a = b⊕T b =
1
a
+ 1
b
and
aT a = bT a =
1
a
+ α
b
, aT b = bT b =
1
a
+ 1
b
.
Then (R,T ,T ) is an L-fuzzy hypermodule over R.
Example 2.8. Let M be a module over a ring R and α, β ∈ L \ {0} such that αTα = α and βTβ = β . Define the following
L-fuzzy hyperoperations: for all x, y ∈ M and r, s ∈ R
xT y = χ{x,y}, r  T x = α{rx}, r ⊕T s = χ{r,s} and r T s = β{rs}.
Then (M,T , T ) is an L-fuzzy hypermodule over the L-fuzzy hyperring (R,⊕T ,T ).
Next, let us give some lemmas which are useful for the following theorems.
Lemma 2.9. Let (S,⊕T ) be an L-fuzzy semihypergroup and µ, ν, ω ∈ L (S). Then
(1) if ν ⊆ ω, then µ⊕T ν ⊆ µ⊕T ω and ν⊕T µ ⊆ ω⊕T µ.
(2) µ⊕T (ν⊕T ω) = (µ⊕T ν)⊕T ω.
(3) if (S,⊕T ) is commutative, then µ⊕T ν = ν⊕T µ.
Let α ∈ L \ {1}. Define a crisp hyperoperation ‘‘+α ’’ on S by x+α y = {z ∈ S|(x⊕T y)(z) > α} for all x, y ∈ S.
Lemma 2.10. Let (S,⊕T ) be an L-fuzzy hypergroupoid and x, y, z ∈ S and let T be a t-normon L such that αTα = α for allα ∈ L.
Then (x⊕T y)⊕T z = x⊕T (y⊕T z) if and only if for any α ∈ L \ {1}, if (x+α y)+α z 6= ∅, then (x+α y)+α z = x+α(y+α z).
Proof. Assume that (x⊕T y)⊕T z = x⊕T (y⊕T z) and (x+α y)+α z 6= ∅ for some α ∈ L \ {1}. Let a ∈ S be such that
a ∈ (x+α y)+α z. Then a ∈ b+α z for some b ∈ x+α y ⇒ (x⊕T y)(b) > α and (b⊕T z)(a) > α ⇒ ((x⊕T y)⊕T z)(a) =∨
c∈S(x⊕T y)(c)T (c⊕T z)(a) > α ⇒
∨
c∈S(x⊕T c)(a)T (y⊕T z)(c) = (x⊕T (y⊕T z))(a) = ((x⊕T y)⊕T z)(a) > α ⇒∃d ∈ S such that (x⊕T d)(a) > α and (y⊕T z)(d) > α ⇒ a ∈ x+α d and d ∈ y+α z ⇒ a ∈ x+α(y+α z). Hence
(x+α y)+α z ⊆ x+α(y+α z). Similarly, we have x+α(y+α z) ⊆ (x+α y)+α z. Therefore, (x+α y)+α z = x+α(y+α z).
Conversely, assume that the given condition holds. If possible, let (x⊕T y)⊕T z 6= x⊕T (y⊕T z). Choose α ∈ L and a ∈ R
such that ((x⊕T y)⊕T z)(a) < α < (x⊕T (y⊕T z))(a). Then
(x⊕T (y⊕T z))(a) =
∨
b∈S
(x⊕T b)(a)T (y⊕T z)(b) > α
⇒ ∃c ∈ S such that (x⊕T c)(a)T (y⊕T z)(c) > α
⇒ ∃c ∈ S such that a ∈ x+α c and c ∈ y+α z
⇒ a ∈ x+α(y+α z)
and
((x⊕T y)⊕T z)(a) =
∨
b∈S
(x⊕T y)(b)T (b⊕T z)(a) < α
⇒ ∀c ∈ S (x⊕T y)(c)T (c⊕T z)(a) < α
⇒ ∀c ∈ S c 6∈ x+α y or a 6∈ c+α z
⇒ a 6∈ (x+α y)+α z,
which contradicts (x+α y)+α z = x+α(y+α z). Hence (x⊕T y)⊕T z ⊇ x⊕T (y⊕T z). Similarly, (x⊕T y)⊕T z ⊆
x⊕T (y⊕T z). This completes the proof. 
Lemma 2.11. Let (S,⊕T ) be an L-fuzzy hypergroupoid. Then for any x ∈ S, we have
x⊕T S = χS ⇔ ∀α ∈ L \ {1}, x+α S = S.
Lemma 2.12. Let (M,T , T ) be an L-fuzzy R-hypermodule and let µ, ν ∈ L (R) and ω, η ∈ L (M). Then
(1) (µT ν) T ω = µ T (ν  T ω).
(2) if Im(µ) ⊆ DT , where DT = {α ∈ L|αTα = α}, then µ T (ωT η) ⊆ µ T ωT µ T η;
(3) if Im(ω) ⊆ DT , then (µ⊕T ν) T ω ⊆ µ T ωT ν  T ω.
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Proof. The proof of (1) is similar to that of Lemma 2.8. We only show (2). (3) can be similarly proved. Let x ∈ M . Then
(µ T ωT µ T η)(x) =
∨
a,b∈M
(µ T ω)(a)T (aT b)(x)T (µ T η)(b)
=
∨
a,b∈M
( ∨
r∈R,c∈M
µ(r)T (r  T c)(a)Tω(c)
)
T (aT b)(x)T
( ∨
s∈R,d∈M
µ(s)T (s T d)(b)Tη(d)
)
=
∨
r,s∈R,a,b,c,d∈M
µ(r)T (r  T c)(a)Tω(c)T (aT b)(x)Tµ(s)T (s T d)(b)Tη(d)
≥
∨
r∈R,a,b,c,d∈M
µ(r)T (r  T c)(a)Tω(c)T (aT b)(x)Tµ(r)T (r  T d)(b)Tη(d)
=
∨
r∈R,c,d∈M
µ(r)T (r  T c T r  T d)(x)Tω(c)Tη(d)
=
∨
r∈R,c,d∈M
µ(r)T (r  T (c T d))(x)Tω(c)Tη(d)
=
∨
r∈R,a,c,d∈M
µ(r)T (r  T (a)(x)T (c T d))(a)Tω(c)Tη(d)
= (µ T (ωT η))(x),
which implies that µ T (ωT η) ⊆ µ T ωT µ T η. This completes the proof. 
Lemma 2.13. Let (M,T , T ) be an L-fuzzy R-hypermodule and T a t-norm on L such that αTα = α for all α ∈ L. Then for any
r, s, t ∈ R and x, y ∈ M, we have
(1) r T (s⊕T t) = r T s⊕T r T t ⇔ for any α ∈ L \ {1}, if r ·α(s+α t) 6= ∅, then r ·α(s+α t) = r ·α s+α r ·α t.
(2) (r ⊕T s)T t = r T t ⊕T sT t ⇔ for any α ∈ L \ {1}, if (r +α s) ·α t 6= ∅, then (r +α s) ·α t = r ·α t +α s ·α t.
(3) r  T (xT y) = r  T xT r  T y⇔ for any α ∈ L \ {1}, if r ◦α(xunionmultiα y) 6= ∅, then r ◦α(xunionmultiα y) = r ◦α xunionmultiα r ◦α y.
(4) (r ⊕T s) T x = r  T xT s T x⇔ for any α ∈ L \ {1}, if (r +α s) ◦α x 6= ∅, then (r +α s) ◦α x = r ◦α xunionmultiα s ◦α x.
(5) (r T s) T x = r  T (s T x)⇔ if (r ·α s) ◦α x 6= ∅, then (r ·α s) ◦α x = r ◦α(s ◦α x),
where+α, ·α,unionmultiα are defined as in Lemma 2.10 and ◦α is defined by r ◦α x = {a ∈ M|(r  T x)(a) > α} for all r ∈ R and x ∈ M.
Proof. The proof is similar to that of Lemma 2.10. 
The following theorem presents the connection between crisp hypermodules and L-fuzzy hypermodules.
Theorem 2.14. Let (R,⊕T ,T ) and (M,T , T ) be algebraic structures satisfying for any r, s ∈ R and x, y ∈ M, there exist
trs, prs ∈ R and axy, brx such that (r ⊕T s)(trs) = 1, (r T s)(prs) = 1, (xT y)(axy) = 1 and (r  T x)(brx) = 1 and let T be a
t-norm on L such that αTα = α for all α ∈ L. Then (M,T , T ) is an L-fuzzy hypermodule over L-fuzzy hyperring (R,⊕T ,T )
if and only if (M,unionmultiα, ◦α) is a hypermodule over hyperring (R,+α, ·α) for all α ∈ L \ {1}.
Proof. By the assumption, for any r, s ∈ R, x, y ∈ M and α ∈ L \ {1}, we have r +α s, r ·α s ∈ P∗(R) and xunionmultiα y, r ◦α x ∈
P∗(M). Thus it follows from Lemmas 2.10–2.13 that (R,⊕T ,T ) is an L-fuzzy hyperring if and only if (R,+α, ·α) is a
hyperring for all α ∈ L \ {1} and that (M,T , T ) is an L-fuzzy hypermodule over (R,⊕T ,T ) if and only if (M,unionmultiα, ◦α) is a
hypermodule over (R,+α, ·α) for all α ∈ L \ {1}. 
As a consequence of Theorem 2.14, we obtain the following result.
Theorem 2.15. Let (M,T , T ) be an L-fuzzy R-hypermodule and T a t-norm on L such that αTα = α for all α ∈ L. Then
(M,unionmulti, ◦) is a hypermodule over a hyperring (R,+, ·), where r + s = {t ∈ R|(r ⊕T s)(t) > 0}, r · s = {t ∈ R|(r T s)(t) > 0},
x unionmulti y = {z ∈ M|(xT y)(z) > 0} and r ◦ x = {z ∈ M|(r  T x)(z) > 0} for all r, s ∈ R and x, y ∈ M.
In what follows, unless otherwise stated, (M,unionmulti, ◦) is a hypermodule over the hyperring (R,+, ·) defined as in
Theorem 2.15.
3. L-fuzzy R-subhypermodules of an L-fuzzy R-hypermodule
In this section, we concentrate our study on the L-fuzzy R-subhypermodules of an L-fuzzy R-hypermodule. We first give
the following definition:
Definition 3.1. Let (M,T , T ) be an L-fuzzy R-hypermodule and µ an L-fuzzy subset in M . Then µ is called an L-fuzzy
R-subhypermodule ofM if it satisfies the following conditions:
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(i) µT µ ⊆ µ;
(ii) xµ(x) T µ = µ u µ(x)M for all µ(x) > 0;
(iii) r  T µ ⊆ µ for all r ∈ R.
Moreover, µ is called invertible if (xT µ)(y) = (yT µ)(x) for all x, y ∈ M .
Example 3.2. Consider Example 2.8. Let A be a submodule of M and γ ∈ L \ {0}. Then γA is an invertible L-fuzzy R-
subhypermodule ofM .
Lemma 3.3. Let µ be an L-fuzzy R-subhypermodule of M such that Im(µ) ⊆ DT . Then µT µ = µ.
Proof. We only need to show µ ⊆ µT µ. In fact, if µT µ ⊂ µ. Then there exists x ∈ M such that (µT µ)(x) < µ(x).
Thus (µT µ)(x) < (xµ(x) T µ)(x) = (µuµ(x)M )(x) = µ(x)Tµ(x) = µ(x), which contradicts to xµ(x) ∈ µ. This completes
the proof. 
The next theorem shows a connection between the crisp subhypermodules of a hypermodule and the L-fuzzy
subhypermodules of an L-fuzzy hypermodule.
Theorem 3.4. Let (M,T , T ) be an L-fuzzy R-hypermodule satisfying for any r, s ∈ R and x, y ∈ M, there exist trs, prs ∈ R and
axy, brx such that (r ⊕T s)(trs) = 1, (r T s)(prs) = 1, (xT y)(axy) = 1 and (r  T x)(brx) = 1 and T a t-norm on L such that
αTα = α for all α ∈ L, and let µ be any L-fuzzy subset in M. Then µ is an (invertible) L-fuzzy subhypermodule of (M,T , T )
over (R,⊕T ,T ) if and only if µα is a (invertible) subhypermodule of (M,unionmultiα, ◦α) over (R,+α, ·α) for all α ∈ L \ {1}, where
µα = {x ∈ M|µ(x) > α}.
Proof. It follows from Theorem 2.14 that (M,unionmultiα, ◦α) is a hypermodule over a hyperring (R,+α, ·α) for all α ∈ L \ {1}. Now
assume that µ is an invertible L-fuzzy R-subhypermodule of M . Let α ∈ L \ {1} and x ∈ µα . If xunionmultiα µα 6⊆ µα , then there
exist x, y ∈ µα and z ∈ xunionmultiα y such that z 6∈ µα , that is, µ(x) > α,µ(y) > α, (xT y)(z) > α but µ(z) ≤ α. Hence
(µT µ)(z) =
∨
a,b∈M µ(a)T (aT b)(z)Tµ(b) ≥ µ(x)T (xT y)(z)Tµ(y) > α ≥ µ(z), which contradicts to µT µ ⊆ µ.
Thus xunionmultiα µα ⊆ µα . Conversely, if µα 6⊆ xunionmultiα µα , that is, there exists y ∈ µα such that (xT z)(y) ≤ α for all z ∈ µα , then
(xµ(x) T µ)(y) =
∨
a∈M µ(x)T (xT a)(y)Tµ(a) ≤ α < µ(x) = µ(x)Tµ(x) = (µ u µ(x)M )(x), a contradiction. Therefore,
xunionmultiα µα = µα . In a similar way, we may show that R ◦α µα ⊆ P∗(µα) and x ∈ yunionmultiα µα implies y ∈ xunionmultiα µα for all x, y ∈ M .
Consequently, µα is an invertible hypermodule of (M,unionmultiα, ◦α) over (R,+α, ·α).
Conversely, assume that the given condition holds. First, we show that µT µ ⊆ µ. If not, there exists x ∈ M such
that (µT µ)(x) > µ(x). Choose α such that (µT µ)(x) =
∨
a,b∈M µ(a)T (aT b)(y)Tµ(b) > α > µ(x). Then there exist
c, d ∈ M such that µ(c) > α, (c T d)(x) > α and µ(d) > α, that is x ∈ µα +α µα , but x 6∈ µα , a contradiction. Similarly,
we have r  T µ ⊆ µ for all r ∈ R. Finally, let x ∈ M be such that µ(x) > 0, we show that xµ(x) T µ = µ u µ(x)M . In fact, if
xµ(x) T µ ⊂ µ u µ(x)M , then there exist α ∈ L and y ∈ M such that (xµ(x) T µ)(y) < α < (µ u µ(x)M )(y). Hence∨
a∈M
µ(x)T (xT a)(y)Tµ(a) < α < µ(x)Tµ(y),
this implies that µ(x) > α,µ(y) > α and for any µ(a) > α we have (xT a)(y) ≤ α, and so x, y ∈ µα but y 6∈ xunionmultiα µα , a
contradiction. If xµ(x) T µ ⊃ µuµ(x)M , then there exist α ∈ L and y ∈ M such that (xµ(x) T µ)(y) > α > (µuµ(x)M )(y),
that is,∨
a∈M
µ(x)T (xT a)(y)Tµ(a) > α > µ(x)Tµ(y).
Now if µ(x) ≥ µ(y), then∨a∈M µ(x)T (xT a)(y)Tµ(a) > α > µ(x)Tµ(y) = µ(y), and so there exists a ∈ M such that
µ(a) > α, (xT a)(y) > α and µ(x) > α, that is, x ∈ µα and y ∈ xunionmultiα µα but y 6∈ µα , a contradiction. If µ(x) < µ(y),
then
∨
a∈M µ(x)T (xT a)(y)Tµ(a) > α > µ(x)Tµ(y) = µ(x), that is µ(x) ≥
∨
a∈M µ(x)T (xT a)(y)Tµ(a) > α > µ(x), a
contradiction. Hence xµ(x) T µ = µuµ(x)M . In a similar way, wemay show that (x⊕T µ)(y) = (y⊕T µ)(x) for all x, y ∈ M .
Consequently, µ is an invertible L-fuzzy subhypermodule of (M,T , T ) over (R,⊕T ,T ). 
In view of Theorem 3.4, the following theorem is immediate.
Theorem 3.5. Let (M,T , T ) be an L-fuzzy R-hypermodule, T a t-norm on L such that αTα = α for all α ∈ L and µ an
(invertible) L-fuzzy R-hypermodule of M. Then µ0 is a (invertible) hypermodule of (M,unionmulti, ◦) over (R,+, ·).
Now, let µ be an invertible L-fuzzy R-subhypermodule ofM . Denote byM/µ the set of all xT µwhere x ∈ M and let ν
be any L-fuzzy subset inM . Define the L-fuzzy subset ν/µ inM/µ by (ν/µ)(xT µ) = (ν T µ)(xT µ) = (ν T µ)(x) for
all x ∈ M . Next, we define some new L-fuzzy hyperoperations onM/µ as follows:
∀x, y, z ∈ M, (xT µ~T yT µ)(z T µ) = (xT yT µ)(z)
and
∀r ∈ R, x ∈ M, ν ∈ L ∗(M), (r }T (ν/µ))(xT µ) = (r }T (ν T µ))(xT µ) = (r  T ν T µ)(x).
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In particular,
∀r ∈ R, x, y ∈ M, (r }T (xT µ))(yT µ) = (r  T xT µ)(y).
Lemma 3.6. Let µ be an invertible L-fuzzy R-subhypermodule of M such that Im(µ) ⊆ DT and ν an L-fuzzy subset in M. Then
(1) The fuzzy subset ν/µ in M/µ defined above is well defined.
(2) The L-fuzzy hyperoperation ‘‘~T ’’ is well defined.
If M is an L-fuzzy R-hypermodule with L-fuzzy zero 0 and µ an L-fuzzy R-subhypermodule of M such that µ(0) = 1, then the
L-fuzzy hyperoperation ‘‘}T ’’ is well defined.
Proof. (1) Let x, x′ ∈ M be such that xT µ = x′ T µ. Then since µ is an invertible L-fuzzy R-subhypermodule of M , we
have
(ν/µ)(xT µ) = (ν T µ)(x) =
∨
a∈M
ν(a)T (aT µ)(x) =
∨
a∈M
ν(a)T (xT µ)(a)
=
∨
a∈M
ν(a)T (x′ T µ)(a) =
∨
a∈M
ν(a)T (aT µ)(x
′)
= (ν T µ)(x′) = (ν/µ)(x′ T µ).
Hence ν/µ is well defined.
(2) Let x, y, x′, y′ ∈ M be such that xT µ = x′ T µ and yT µ = y′ T µ. Then
xT yT µ = xT µT yT µ = x′ T µT y′ T µ = x′ T y′ T µ.
Hence ‘‘~T ’’ is well defined.
(3) Assume thatM is an L-fuzzy R-hypermodule with L-fuzzy zero 0 and µ an L-fuzzy R-subhypermodule ofM such that
µ(0) = 1. Let r ∈ R and ν, ν ′ ∈ L ∗(M) be such that ν/µ = ν ′/µ, that is, ν T µ = ν ′ T µ. Then by Lemma 2.12, we have
r  T ν T µ ⊆ (r  T (ν T 01))T µ ⊆ (r  T (ν T µ))T µ = (r  T (ν ′ T µ))T µ
⊆ r  T ν ′ T r  T µT µ ⊆ r  T ν ′ T µT µ ⊆ r  T ν ′ T µ.
Similarly, we have r  T ν
′ T µ ⊆ r  T ν T µ and so r  T ν ′ T µ = r  T ν T µ. Therefore, ‘‘}T ’’ is well defined. 
Lemma 3.7. Let µ be an invertible L-fuzzy R-subhypermodule of M such that Im(µ) ⊆ DT and ‘‘~T ’’ and ‘‘}T ’’ two L-fuzzy
hyperoperations defined above. Then for any r, s ∈ R and x, y, z ∈ M, we have
(1) (xT µ~T yT µ)~T z T µ = xT µ~T (yT µ~T z T µ).
(2) r }T (xT µ~T yT µ) = (r }T (xT µ))~T (r }T (yT µ)).
(3) (r ⊕T s)}T (xT µ) = r }T (xT µ)~T s}T (xT µ).
(4) (r T s)}T (xT µ) = r }T (s}T (xT µ)).
Lemma 3.8. Let µ be an invertible L-fuzzy R-subhypermodule of M such that 1 ∈ Imµ. ‘‘~T ’’ is an L-fuzzy hyperoperation
defined above. Then xT µ~T M/µ = χM/µ for all x ∈ M.
Proof. Let x, y, z ∈ M be such that µ(z) = 1. Then
(xT µ~T M/µ)(yT µ) = (xT M T µ)(y) = (M T µ)(y) =
∨
a,b∈M
(aT b)(y)Tµ(b)
≥
∨
a∈M
(aT z)(y)Tµ(z) =
∨
a∈M
(aT z)(y) = (M T z)(y) = (χM)(y) = 1.
This completes the proof. 
Theorem 3.9. Let M be an invertible L-fuzzy R-hypermodule with L-fuzzy zero 0 andµ an L-fuzzy R-subhypermodule of M such
that Im(µ) ⊆ DT and µ(0) = 1. Then (M/µ,~T ,}T ) is an L-fuzzy R-hypermodule with L-fuzzy zero 0T µ, called the L-fuzzy
quotient R-hypermodule of M by µ.
Proof. By Lemmas 3.6–3.8, it is clear that (M/µ,~T ,}T ) is an L-fuzzy R-hypermodule. Now we show that 0T µ is the
L-fuzzy zero ofM/µ. Let x ∈ M . We have
(xT µ~T 0T µ)(xT µ) = (xT 0T µ)(x) =
∨
a,b∈M
(xT 0)(a)T (aT b)(x)Tµ(b)
≥ (xT 0)(x)T (xT 0)(x)Tµ(0) = 1.
This completes the proof. 
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In a similar way, we have the following theorem.
Theorem 3.10. Let (M,T , T ) be an L-fuzzy R-hypermodule with L-fuzzy zero 0 and T a t-norm on L such that αTα = α for
all α ∈ L, and let µ be an invertible L-fuzzy R-subhypermodule of (M,T , T ). Define two hyperoperations ‘‘’’ and ♦ on M/µ0
by
x unionmulti µ0y unionmulti µ0 = {a unionmulti µ0|a ∈ x unionmulti y} and r♦(x unionmulti µ0) = {a unionmulti µ0|a ∈ r ◦ x}
for all r ∈ R and x, y ∈ M, respectively. Then (M/µ0,, ♦) is a hypermodule over (R,+, ·) with a zero 0 unionmulti µ0.
Let ρ be an equivalence relation on an L-fuzzy hypersemigroup (S,⊕T ) and let µ, ν be any two L-fuzzy subsets in S and
α ∈ L \ {1}. Then we say that µραν if the following conditions hold:
(1) if µ(x) > α, then there exists y ∈ S such that ν(y) > α and xρy;
(2) if ν(a) > α, then there exists b ∈ S such that µ(b) > α and aρb.
Definition 3.11. An equivalence relation ρ on an L-fuzzy hypermodule (M,T , T ) over an L-fuzzy hyperring (R,⊕T ,T )
is said to be an L-fuzzy α-regular relation onM if for any r ∈ R and x, y, z ∈ M , we have
xρy⇒ xT zραyT z, z T xραz T y and r  T xραr  T y.
In particular, when α = 0, an L-fuzzy α-regular relation onM is said to be L-fuzzy regular.
Theorem 3.12. Let (M,T , T ) be an L-fuzzy R-hypermodule as in Theorem 2.14 and T a t-norm on L such that αTα = α for
all α ∈ L, and let ρ be a relation on M and α ∈ L \ {1}. Then ρ is an L-fuzzy α-regular relation on (M,T , T ) if and only if ρ is
a regular relation on the hypermodule (M,unionmultiα, ◦α) over (R,+α, ·α).
As a direct consequence, we have the following result.
Theorem 3.13. Let (M,T , T ) be an L-fuzzy R-hypermodule and T a t-norm on L such that αTα = α for all α ∈ L, and let ρ
be a relation on M. Then ρ is an L-fuzzy regular relation on (M,T , T ) if and only if ρ is a regular relation on the hypermodule
(M,unionmulti, ◦) over (R,+, ·).
Lemma 3.14. Let (M,T , T ) be an L-fuzzy R-hypermodule and µ an invertible L-fuzzy R-subhypermodule of M and let T be a
t-norm on L such that αTα = α for all α ∈ L. Define a relation µ∗ on M by
xµ∗y⇔ (xT µ)(y) > 0
for all x, y ∈ M. Then µ∗ is L-fuzzy regular on M.
Proof. Since µ is L-fuzzy invertible, it is easy to see that µ∗ is symmetric and transitive. Now, we show that µ∗ is
reflexive. In fact, for any x ∈ M , let y ∈ M be such that µ(y) > 0. Then (M T µ)(x) =
∨
a,b∈M(aT b)(x)Tµ(b) ≥∨
a∈M(aT y)(x)Tµ(y) = µ(y)T
∨
a∈M(aT y)(x) = µ(y)T (M T y)(x) = µ(y)TχM(x) = µ(y) > 0, that is, there exists
z ∈ M such that (z T µ)(x) = (xT µ)(z) > 0. Hence (xT µ)(x) = (xT µT µ)(x) =
∨
a∈M(xT µ)(a)T (aT µ)(x) ≥
(xT µ)(z)T (z T µ)(x) > 0, that is, µ
∗ is reflexive.
Next let x, y, z, a ∈ M be such that xµ∗y and (xT z)(a) > 0. Then xµ∗y ⇒ (yT µ)(x) > 0 ⇒ (yT z T µ)(a) =
(yT µT z)(a) =
∨
p∈M(yT µ)(p)T (pT z)(a) ≥ (yT µ)(x)T (xT z)(a) > 0⇒
∨
q∈M(yT z)(q)T (qT µ)(a) > 0⇒
there exists b ∈ M such that (yT z)(b) > 0 and (bT µ)(a) > 0, that is, aµ∗b. Similarly, if (yT z)(c) > 0 for some c ∈ M ,
then there exists d ∈ M such that (xT z)(d) > 0 and cµ∗d. Hence xT zµ∗yT z. In a similar way, we may show that
z T xµ
∗z T y and r  T xµ
∗r  T y for all r ∈ M . This completes the proof. 
Let µ∗[x] be the equivalence class containing the element x. Then we denote byM/µ∗ the set of all equivalence classes,
i.e.,M/µ∗ = {µ∗[x]|x ∈ M}.
Since µ∗ is L-fuzzy regular onM , we can easily deduce the following theorem.
Theorem 3.15. Let (M,T , T ) be an L-fuzzy R-hypermodule and T a t-norm on L such that αTα = α for all α ∈ L, and let µ
be an invertible L-fuzzy R-subhypermodule of M. Define two hyperoperations on M/µ∗ by
µ∗[x]µ∗[y] = {µ∗[z]|z ∈ µ∗[x] unionmulti µ∗[y]} and rµ∗[y] = {µ∗[z]|z ∈ r ◦ µ∗[y]}
for all r ∈ R and x, y ∈ M, respectively. Then (M/µ∗,,) is a hypermodule over (R,+, ·).
Y. Yin et al. / Computers and Mathematics with Applications 59 (2010) 953–963 961
4. The homomorphism of L-fuzzy R-hypermodules
Let f : X → X ′ be a mapping, µ an L-fuzzy subset in X and µ′ an L-fuzzy subset in X ′. Then µ is said to be f-invariant if
f (x) = f (y) implies µ(x) = µ(y) for all x, y ∈ X . And the inverse image f −1(µ′) of µ′ is the L-fuzzy subset in X defined by
f −1(µ′)(x) = µ′(f (x)) for all x ∈ X . The image f (µ) of µ is the L-fuzzy subset in X ′ defined by
f (µ)(x′) =

∨
x∈f−1(x′)
µ(x) if f −1(x′) 6= ∅
0 otherwise
for all x′ ∈ X ′.
Let (M,unionmulti, ◦) and (M ′,unionmulti′, ◦′) be two hypermodules over a hyperring (R,+, ·). Recall that a mapping f : M → M ′ is
called a hypermodule (resp. strong) homomorphism if for any r ∈ R and x, y ∈ M we have f (x unionmulti y) ⊆ f (x)unionmulti′ f (y) (resp.
f (x unionmulti y) = f (x)unionmulti′ f (y)) and f (r ◦ x) ⊆ r ◦′ f (x) (resp. f (r ◦ x) = r ◦′ f (x)).
In [26], Leoreanu gave the definition of homomorphism of fuzzy hypermodules. In a similar way, we introduce the
following definition.
Definition 4.1. Let (M,T , T ) and (M,
′
T
, ′
T
) be two L-fuzzy hypermodules over an L-fuzzy hyperring (R,⊕T ,T ) and
f a mapping fromM toM ′. Then f is said to be an L-fuzzy R-hypermodule homomorphism if for any r ∈ R, x, y ∈ M , we have
(i) f (xT y) ⊆ f (x)′T f (y);
(ii) f (r  T x) ⊆ r  ′T f (x).
And f is said to an L-fuzzy R-hypermodule strong homomorphism if for any r ∈ R, x, y ∈ M , we have
(i) f (xT y) = f (x)′T f (y);
(ii) f (r  T x) = r  ′T f (x).
Theorem 4.2. Let (M,T , T ) and (M,
′
T
, ′
T
) be two L-fuzzy hypermodules over an L-fuzzy hyperring (R,⊕T ,T ) as in
Theorem 2.14 and T a t-norm on L such that αTα = α for all α ∈ L and let f be a mapping from M to M ′. Then f is an
L-fuzzy R-hypermodule (strong) homomorphism from M to M ′ if and only if f is a hypermodule (strong) homomorphism from
hypermodule (M,unionmultiα, ◦α) into (M ′,unionmulti′α, ◦′α) over (R,+α, ·α) for all α ∈ L \ {1}.
The following two theorems provide the examples of hypermodule strong homomorphism and L-fuzzy hypermodule
homomorphism.
Theorem 4.3. Let (M/µ0,, ♦) be as in Theorem 3.10. Define f : (M,unionmulti, ◦) → (M/µ0,, ♦) by f (x) = xµ0 for all x ∈ M.
Then f is a R-hypermodule strong homomorphism.
Theorem 4.4. Let (M,T , T ), (M/µ,~T ,}T ) and µ be as in Theorem 3.9 and f a mapping from M to M/µ such that
f (x) = xT µ for all x ∈ M. Then f is an L-fuzzy R-hypermodule homomorphism from M onto M/µ.
Proof. Clearly f is onto. Now, let x, y, z ∈ M . We have
(f (x)~T f (y))(z T µ) = ((xT µ)~T (yT µ))(z T µ) = (xT yT µ)(z)
=
∨
a∈M
(xT y)(a)T (aT µ)(z)
≥
∨
aT µ=z T µ
(xT y)(a)T (aT µ)(z)
=
∨
aT µ=z T µ
(xT y)(a)T (z T µ)(z)
=
∨
aT µ=z T µ
(xT y)(a) = f (xT y)(z T µ).
This implies that f (xT y) ⊆ f (x)~T f (y). In a similar way, we have f (r  T x) ⊆ r }T f (x) for all r ∈ R and x ∈ M . This
completes the proof. 
Theorem 4.5. Let (M,T , T ) and (M,
′
T
, ′
T
) be two L-fuzzy hypermodules over an L-fuzzy hyperring (R,⊕T ,T ) and f an
L-fuzzy R-hypermodule strong homomorphism from M to M ′ and let ρ ′ be an L-fuzzy α-regular relation on M ′. Define a relation
ρ on M as follows:
xρy if and only if f (x)ρ ′f (y) for all x, y ∈ M.
Then ρ is an L-fuzzy α-regular relation on M.
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Proof. It is easy to see that ρ is an equivalence on M . Now let x, y, z, a ∈ M be such that xρy and (xT z)(a) > α. Then
f (x)ρ ′f (y) and (f (x)′
T
f (z))(f (a)) = f (xT z)(f (a)) =
∨
f (c)=f (a)(xT z)(c) ≥ (xT z)(a) > α. Since ρ ′ is an L-fuzzy
α-regular relation on M ′, there exists b′ ∈ M ′ such that (f (y)′
T
f (z))(b′) = f (yT z)(b′) =
∨
f (d)=b′(yT z)(d) > α and
f (a)ρ ′b′. This implies that there exists b ∈ M such that f (b) = b′, (yT z)(b) > α and f (a)ρ ′f (b), that is aρb. Similarly,
if (yT z)(c) > α for some c ∈ M , then there exists d ∈ M such that (xT z)(d) > α and cρd. Hence xT zραyT z. In a
similar way we may show that z T xραz T y and r  T xραr  T y for all r ∈ R. This completes the proof. 
Lemma 4.6. Let (M,T , T ) and (M,
′
T
, ′
T
) be two L-fuzzy hypermodules over an L-fuzzy hyperring (R,⊕T ,T ) and f an
L-fuzzy R-hypermodule homomorphism from M to M ′. Then for any r ∈ R and µ, ν ∈ F (M), we have
(1) f (µT ν) ⊆ f (µ)′T f (ν);
(2) f (r  T µ) ⊆ r  ′T f (µ).
Moreover, if f is an L-fuzzy R-hypermodule strong homomorphism, then
(1) f (µT ν) = f (µ)′T f (ν);
(2) f (r  T µ) = r  ′T f (µ).
Proof. Let µ, ν ∈ L (M) and x′ ∈ M ′. If f −1(x′) = ∅, then f (µT ν)(x′) = 0 ≤ f (µ)′T f (ν)(x′). Otherwise, we have
(f (µ)′
T
f (ν))(x′) =
∨
a′,b′∈M ′
f (µ)(a′)T (a′ ′
T
b′)(x′)Tf (ν)(b′)
=
∨
a′,b′∈Im(f )
( ∨
f (a)=a′
µ(a)
)
T (a′ ′
T
b′)(x′)T
( ∨
f (b)=b′
ν(b)
)
=
∨
a′,b′∈Im(f ),f (a)=a′,f (b)=b′
µ(a)T (f (a) ′
T
f (b))(x′)Tν(b)
=
∨
a,b∈M
µ(a)T (f (a) ′
T
f (b))(x′)Tν(b)
≥
∨
a,b∈M
µ(a)Tf (aT b)(x
′)Tν(b)
=
∨
a,b∈M
∨
x∈f−1(x′)
µ(a)T (aT b)(x)Tν(b)
= f (µT ν)(x′).
This implies that f (µT ν) ⊆ f (µ)′T f (ν). In a similar way, we have f (r  T µ) ⊆ r  ′T f (µ).
If f is an L-fuzzy R-hypermodule strong homomorphism from H to H ′, it is easy to see that f (µT ν) = f (µ)′T f (ν) and
f (r  T µ) = r  ′T f (µ). 
Theorem 4.7. Let (M,T , T ) and (M,
′
T
, ′
T
) be two L-fuzzy R-hypermodules over an L-fuzzy hyperring (R,⊕T ,T ) and f
an L-fuzzy R-hypermodule strong homomorphism from M to M ′. Let µ be an f -invariant L-fuzzy R-subhypermodule of M. Then
f (µ) is an L-fuzzy R-subhypermodule of M ′.
Proof. Letµ be an f -invariant L-fuzzy R-subhypermodule ofM . Since f is an L-fuzzy R-hypermodule strong homomorphism
fromM toM ′, by Lemma 4.6, for any r ∈ R, we have
f (µ)′
T
f (µ) = f (µT µ) ⊆ f (µ) and r  ′T f (µ) = f (r  T µ) ⊆ f (µ).
Now, let x′ ∈ M ′ be such that f (µ)(x′) > 0. This implies that there exists x ∈ M such that f (x) = x′. Since µ is f -invariant,
we have µ(x) = f (µ)(x′) and so x′f (µ)(x′) = f (xµ(x)). Thus
x′f (µ)(x′) 
′
T
f (µ) = f (xµ(x))′T f (µ) = f (xµ(x) T µ) = f (µ u µ(x)M) = f (µ) u µ(x)M ′ = f (µ) u f (µ)(x′)M ′ .
This completes the proof. 
Theorem 4.8. Let (M,T , T ) and (M,
′
T
, ′
T
) be two L-fuzzy hypermodules over an L-fuzzy hyperring (R,⊕T ,T ) and f an
L-fuzzy R-hypermodule strong isomorphism from M to M ′. Let µ′ be an L-fuzzy R-subhypermodule of M ′. Then f −1(µ′) is an
L-fuzzy R-subhypermodule of M.
Proof. It is straightforward. 
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5. Conclusions
The aim of this paper is to study the L-fuzzy R-hypermodules and investigate some of their properties. In particular, we
derive a kind of L-fuzzy quotient hypermodule by using an L-fuzzy R-subhypermodule. Finally, we also discuss the properties
of L-fuzzy α-regular relation on L-fuzzy R-hypermodules and L-fuzzy hypermodule (strong) homomorphism.
The obtained results may be applied to other algebraic structures. Our future work on this topic will focus on studying
L-fuzzy n-ary hyperalgebras.
Acknowledgement
This research was supported by the National Natural Science Foundation of China (60774049; 60875034); the Priority
discipline of Beijing Normal University; the Natural Science Foundation of Education Committee of Hubei Province,
China (D20092901; Q20092907; D20082903; B200529001) and the Natural Science Foundation of Hubei Province, China
(2008CDB341).
References
[1] F. Marty, Sur une generalization de la notion de groupe, in: 8th Congress Math. Scandinaves, Stockholm, 1934, pp. 45–49.
[2] P. Corsini, Prolegomena of hypergroup theory, Aviani Editore, Italy, 1993.
[3] T. Vougiouklis, Hyperstructures and their Representations, Hadronic Press Inc., Palm Harbor, USA, 1994.
[4] P. Corsini, V. Leoreanu, Applications of hyperstructure theory, in: Advances in Mathematics (Dordrecht), Kluwer Academic Publishers, Dordrecht,
2003.
[5] L.A. Zadeh, Fuzzy sets, Inform. Control 8 (1965) 338–358.
[6] P. Corsini, V. Leoreanu, Join spaces associated with fuzzy sets, J. Comb., Inf. Syst. Sci. 20 (1995) 293–303.
[7] P. Corsini, V. Leoreanu, Fuzzy sets and join spaces associated with rough sets, Rend. Circ. Mat. Palermo 51 (2002) 527–536.
[8] P. Corsini, Hyperstructures associated with fuzzy sets endowed with two membership functions, J. Comb. Inf. Syst. Sci. 31 (2006) 247–254.
[9] I. Cristea, Hyperstructures and fuzzy sets endowed with two membership functions, Fuzzy Sets and Systems 160 (2009) 1114–1124.
[10] V. Leoreanu, Direct limit and inverse limit of join spaces associated with fuzzy sets, Pure Math. Appl. 11 (2000) 509–516.
[11] K. Serafimidis, A. Kehagias, M. Konstantinidou, The L-fuzzy Corsini join hyperoperation, Ital. J. Pure Appl. Math. 12 (2002) 83–90.
[12] M. Stefanescu, I. Cristea, On the fuzzy grade of hypergroups, Fuzzy Sets and Systems 159 (2008) 1097–1106.
[13] M.M. Zahedi, M. Bolurian, A. Hasankhani, On polygroups and fuzzy subpolygroups, J. Fuzzy Math. 3 (1995) 1–15.
[14] R. Ameri, H. Hedayati, On fuzzy closed, invertible and reflexive subsets of hypergroups, Ital. J. Pure Appl. Math. 22 (2007) 95–114.
[15] B. Davvaz, P. Corsini, Generalized fuzzy sub-hyperquasigroups of hyperquasigroups, Soft. Comput. 10 (11) (2006) 1109–1114.
[16] B. Davvaz, P. Corsini, V. Leoreanu, Fuzzy n-ary subpolygroups, Comput. Math. Appl. 57 (2009) 141–152.
[17] J. Zhan, B. Davvaz, On properties of fuzzy Hv-submoduless of Hv-modules with t-norms, SEA Bull. Math. 32 (2008) 805–822.
[18] J. Zhan, B. Davvaz, K.P. Shum, On fuzzy isomorphism theorems of hypermodules, Soft. Comput. 11 (2007) 1053–1057.
[19] J. Zhan, B. Davvaz, K.P. Shum, Isomorphism theorems of hypermodules, Acta. Math. Sinica (Chin. Ser.) 50 (4) (2007) 909–914.
[20] J. Zhan, B. Davvaz, K.P. Shum, A new view of fuzzy hypermodules, Acta. Math. Sin. (Engl. Ser.) 23 (8) (2007) 1345–1356.
[21] J. Zhan, W.A. Dudek, Interval valued intuitionistic (S, T )-fuzzy Hv-submodules, Acta. Math. Sin. (Engl. Ser.) 22 (2006) 963–970.
[22] P. Corsini, I. Tofan, On fuzzy hypergroups, Pure Math. Appl. 8 (1997) 29–37.
[23] A. Kehagias, K. Serafimidis, The L-fuzzy Nakano hypergroup, Inform. Sci. 169 (2005) 305–327.
[24] M.K. Sen, R. Ameri, G. Chowdhury, Fuzzy hypersemigroups, Soft. Comput. 12 (2008) 891–900.
[25] V. Leoreanu, B. Davvaz, Fuzzy hyperrings, Fuzzy Sets and Systems 160 (2009) 2366–2378.
[26] V. Leoreanu, Fuzzy hypermodules, Comput. Math. Appl. 57 (2009) 466–475.
[27] J.A. Goguen, L-fuzzy sets, J. Math. Anal. Appl. 18 (1967) 145–174.
